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Abstract
Any unitary irreducible representation π of a Lie group G defines a moment set Iπ , subset of the dual g∗
of the Lie algebra of G. Unfortunately, Iπ does not characterize π . If G is exponential, there exists an over-
group G+ of G, built using real-analytic functions on g∗, and extensions π+ of any generic representation
π to G+ such that Iπ+ characterizes π .
In this paper, we prove that, for many different classes of group G, G admits a quadratic overgroup: such
an overgroup is built with the only use of linear and quadratic functions.
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Let G be a Lie group, g∗ the dual of its Lie algebra, (π,H) an unitary irreducible repre-
sentation of G, and H∞ the space of C∞ vectors for π . The moment set for π is defined as
(see [14]):
Iπ =
{
 ∈ g∗, ∃v ∈ H∞ \ {0}, (X) = 1
i
〈π(X)v, v〉
‖v‖2
}
.
This set is the closure of the range of an usual moment map associated to a strongly Hamiltonian
action of G on a symplectic (generally Fréchet) manifold.
Very generally, Iπ is the closed convex hull of the coadjoint orbit Oπ associated to π (cf. [2]):
Iπ = Conv(Oπ ).
Unfortunately, there exists many examples of distinct coadjoint orbits O and O′, such that
Conv(O) = Conv(O′). Therefore, in general, the moment set Iπ does not characterize the repre-
sentation π , even if we consider only generic representations of G (see for instance [14]).
A way to separate the orbits or the representations is to extend the moment map to the complex
envelopping algebra A(g) of g (see [5,1]). But this extension does not have any natural geometric
meaning, and needs to use the dual of an infinite-dimensional vector space. In [5], it is explained
that for a nilpotent Lie group G, it is enough to extend the moment map to the space AN(g) of
elements with degree less than some N , depending on the structure of G, especially, if we want to
separate the generic representations (or coadjoint orbits) of G, then N is the maximal degree of a
natural generating set of polynomial invariant functions. So even for small dimensional nilpotent
Lie group, N > 2.
In [3], the authors suppose G exponential and they propose to consider:
1. an overgroup G+ for G, with Lie algebra g+,
2. a non-linear mapping ϕ from g∗ into (g+)∗, such that, if p is the canonical restriction oper-
ator p : (g+)∗ → g∗, p ◦ ϕ = idg∗ ,
3. a mapping Φ : Ĝ → Ĝ+ such that OΦ(π) = ϕ(Oπ ) and IΦ(π) = IΦ(π ′) if and only if π  π ′.
Unfortunately, the mapping ϕ is not regular (indeed it is
ϕ =
∑
j
ϕjχj ,
where each ϕj is a real-analytic function and χj the characteristic function of a some invariant
layer, i.e. a set defined by a family of equations and inequations). Moreover the layers, then ϕ
depend on a non-canonical choice for a basis in the Lie algebra g. However, the authors give
few examples where it is possible to separate generic representations of G by using a quadratic
mapping ϕ.
In the present work, we want to generalize this procedure for different classes of groups,
but only for a polynomial, with degree at most two, mapping ϕ. We then just say that G+ is a
quadratic overgroup for G.
We here look for sufficient conditions to have a quadratic overgroup and a mapping Φ which
allow to separate the generic unitary irreducible representations for G.
For instance, if the algebra of invariant polynomial functions on g∗ is generated by functions
with degree at most 2, such a quadratic map ϕ can be defined. So the existence of such a quadratic
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that this restriction is much less strict as that.
More precisely, we first prove a strict convexity lemma: a quadratic mapping essentially allows
to refind a closed subset A in Rn, starting from its convex hull.
If G is a special exponential Lie group (the Lie algebra g of G contains an abelian ideal with
codimension the half of the dimension of generic coadjoint orbits in g∗), we use this lemma for
the moment set of an induced representation π of G and for the dual of a Lie algebra of an
overgroup built from a large abelian ideal a in g. This shows existence of a quadratic overgroup
G+ and a mapping Φ separating the generic representations of G.
Let us now suppose G nilpotent, connected and simply connected. If dim(G) 6, then G has
a quadratic overgroup and a separating function Φ .
We then study the small dimensional solvable groups (dim(G) 4), the case of SL(2,R) and
its universal covering group and describe an example of a semi direct product G = SO(4)  R4
with higher degree polynomial invariant functions. For all these groups, we explicitly build a
quadratic overgroup and a separating function Φ .
2. A strict convexity property
In this section, our goal is to prove:
Lemma 2.1. Let ϕ be the function defined by:
ϕ :Rn → R2n, ϕ(x1, x2, . . . , xn) =
(
x1, x2, . . . , xn, x
2
1 , x
2
2 , . . . , x
2
n
)
and p the canonical projection p :R2n → Rn,
p(x1, x2, . . . , xn, y1, y2, . . . , yn) = (x1, x2, . . . , xn).
Denote Conv(B) the closed convex hull of a subset B in R2n. Let A be a subset in Rn, then
p
(
Conv
(
ϕ(A)
)∩ ϕ(Rn))= A¯.
Proof. Put ϕ(X) = (X,X2). Let ϕ(X) ∈ Conv(ϕ(A)) ∩ ϕ(Rn). For all ε > 0, there exists q ,
X1, . . . ,Xq ∈ A and t1, . . . , tq > 0 such that ∑qj=1 tj = 1 and∥∥∥∥∥(X,X2)−
q∑
j=1
tj
(
Xj ,
(
Xj
)2)∥∥∥∥∥
2
2n
< ε2,
where ‖‖2n is the usual Euclidean norm on R2n. Then, with evident notations,
n∑
k=1
∣∣∣∣∣xk −
q∑
j=1
tj x
j
k
∣∣∣∣∣
2
+
n∑
k=1
∣∣∣∣∣x2k −
q∑
j=1
tj
(
x
j
k
)2∣∣∣∣∣
2
< ε2. (∗)
For each k = 1,2, . . . , n, we now consider the following vectors in Rq :
vk =
⎛⎜⎝
√
t1x
1
k
...√ q
⎞⎟⎠ and wk =
⎛⎝
√
t1
...√
⎞⎠ .
tqxk tq
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−∑qj=1 tj xjk , at this point, the value of this function is
ak = inf
s∈R‖vk + swk‖
2
q =
q∑
j=1
tj
(
x
j
k
)2 −( q∑
j=1
tj x
j
k
)2
. (∗∗)
Let us put Y =
( s1
...
sn
)
∈ Rn. The relation (∗) is thus:
‖X + Y‖2n +
∥∥∥∥∥X2 −
q∑
j=1
tj
(
Xj
)2∥∥∥∥∥
2
n
< ε2.
Therefore
n∑
k=1
∣∣∣∣∣x2k −
(
q∑
j=1
tj x
j
k
)2∣∣∣∣∣=
n∑
k=1
∣∣∣∣∣(x2k )− (sk)2
∣∣∣∣∣=
n∑
k=1
|xk − sk||xk + sk|

n∑
k=1
ε
(
2|xk| + ε
)
 ε2 + 2√n‖X‖nε.
From this, we get
0
n∑
k=1
(
q∑
j=1
tj
(
x
j
k
)2 −( q∑
j=1
tj x
j
k
)2)
=
n∑
k=1
ak

(
ε2 + 2√n‖X‖nε
)+ n∑
k=1
q∑
j=1
(
tj
(
x
j
k
)2 − x2k ) ε2 + √nε(2‖X‖n + 1).
But, on the other hand,
ak = ‖vk + skwk‖2q =
q∑
j=1
tj
(
x
j
k + sk
)2
,
thus
0
q∑
j=1
tj
n∑
k=1
(
x
j
k + sk
)2 = q∑
j=1
tj
∥∥Xj + Y∥∥2
n
 ε2 + √nε(2‖X‖n + 1).
Let us choose j0 such that ‖Xj0 + Y‖n = minj ‖Xj + Y‖n, then:∥∥Xj0 + Y∥∥2
n

q∑
j=1
tj
∥∥Xj + Y∥∥2
n
< ε
(
ε + √n(2‖X‖n + 1))= Cε.
Therefore∥∥X −Xj0∥∥
n
 ε + √Cε = ε′ and Xj0 ∈ A.
This proves that X belongs to A¯. Conversely, each X in A¯ is the limit of a sequence (Xk) in A,
of course, Xk = p(Xk, (Xk)2), and (Xk, (Xk)2) ∈ Conv(ϕ(A)) ∩ ϕ(Rn). 
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Definition 3.1 (Special algebra). A solvable Lie algebra g is special if there is an abelian ideal a
in g such that the codimension of a is half of the dimension of generic coadjoint orbits.
A connected solvable Lie group G is special if its Lie algebra is special.
Let G be a solvable special Lie group, then the ideal a is a polarization in each point  in g∗
such that:
1/2 dimG. = codima.
Indeed,  defines a character of a, and a/a ∩ g() is a maximal totally isotropic subspace of
g/g(). In fact, a is one of the polarizations built by M. Vergne in [7], starting with a well
choosed basis.
Let us put
g∗gen = {, 1/2 dimG. = codima},
it is a non-empty G-invariant, Zariski open subset in g∗.
Denote Ĝgen the set of irreducible representations of G associated to an orbit in g∗gen.
We now suppose that G is exponential and special. Then G has a quadratic overgroup (cf. [3]).
Theorem 3.1. Let G be an exponential, special Lie group, a an abelian ideal in g with codimen-
sion 1/2 max∈g∗(dimG.) and m the vector space S2(a), considered as an additive group. Let
us define:
• G+ = G  m, with the action Adg(XY) = AdgX AdgY , for all X and Y in a,
• the quadratic map ϕ :g∗ → (g+)∗ = g∗ × m∗,  → (, (|a)2), where (|a)2(XY) =
(X)(Y ),
• Φ : Ĝgen → Ĝ+, where Φ(π) is the unique irreducible extension of π to G+.
Then, G+ is a quadratic overgroup for G and Φ separates the generic representations of G.
To be complete, we briefly recall here the proof of [3].
Proof. First, the unitary dual of an exponential Lie group is homeomorphic to the space g∗/G
of coadjoint orbits of G. The set Ĝgen is thus dense in Ĝ for its natural topology. Moreover, we
know (cf. [2]) that the moment set for the representation π associated to the orbit Oπ is
Iπ = Conv(Oπ ).
We show then (cf. [3]), for all  in g∗gen,
G+
(
ϕ()
)= ϕ(G.).
If p is the canonical restriction p : (g+)∗ → g∗, from p ◦ ϕ = idg∗ , we deduce that, for all 
in g∗gen, p is a smooth diffeomorphism from the coadjoint orbit of ϕ() onto the coadjoint orbit
of .
Let π ∈ Ĝgen, there exists  ∈ g∗ such that, if f = |a , then π = IndG eif .gen exp(a)
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Φ(π) = IndG+exp(a)m ei(f,f
2)
(we here denote (f,f 2) the restriction of ϕ() to a ⊕ m).
The representation Φ(π) is realized on the same Hilbert space as π and Φ(π) is an extension
of π . Thus Φ(π) is irreducible, moreover Φ(π) is an induced representation, following [2], its
moment set is:
IΦ(π) = Conv
(
G+.
((
f,f 2
)+ (a ⊕ m)⊥)).
But a ⊕ m is an ideal in g+, and since G+ is connected,
g+.
(
(a ⊕ m)⊥)= (a ⊕ m)⊥, ∀g+ ∈ G+.
(Remark that G+ can be a solvable but non-exponential Lie group.) Then:
IΦ(π) = Conv
(
G+.
((
f,f 2
))+ (a ⊕ m)⊥).
Now, in g∗, + a⊥ ⊂ G. thus, in (g+)∗, (a ⊕ m)⊥ is included in G+.(, f 2). Therefore:
IΦ(π) = Conv
(
G+
(
,f 2
))= Conv(G+ϕ())= Conv(ϕ(G.)).
Let π and π ′ two elements in Ĝ+gen such that
IΦ(π) = IΦ(π ′)
then, if π ′ is associated to the orbit G.′,
IΦ(π) ∩ ϕ
(
g∗
)= IΦ(π ′) ∩ ϕ(g∗)
that means(
Conv
(
ϕ(G.)
))∩ ϕ(g∗)= (Conv(ϕ(G.′)))∩ ϕ(g∗)
and our strict convexity lemma proves G. = G.′.
As G is exponential, its orbits are open in their closure, thus G. = G.′ and π = π ′. 
4. Small dimensional nilpotent Lie groups
4.1. Special algebras
In this section, the Lie group G is nilpotent, connected and simply connected. If its Lie algebra
g is special then G has a quadratic overgroup.
A Lie algebra is said indecomposable if it is not the direct sum of two ideals. The real in-
decomposable nilpotent Lie algebras g with dimension less or equal to 6 are well-known (cf.
[11,9]). We use here the notation of [11].
Most of these algebras are special. Up to a complex isomorphism, the special indecomposable
Lie algebras with dimension less or equal to 6 are shown in Table 1.
There exists also four other real nilpotent Lie algebras with dimension less or equal to 6 which
are isomorphic, on C, to one of this Lie algebras, but not on R. These four algebras are special
(see Table 2).
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Algebra Commutation relations Ideal a
g1 g1 is abelian g1
g3 [X1,X2] = X3 Span(X2,X3)
g4 [X1,X2] = X3, [X1,X3] = X4 Span(X2,X3,X4)
g5,1 [X1,X3] = X5, [X2,X4] = X5 Span(X3,X4,X5)
g5,2 [X1,X2] = X4, [X1,X3] = X5 Span(X2,X3,X4,X5)
g5,3 [X1,X2] = X4, [X1,X4] = X5, Span(X3,X4,X5)
[X2,X3] = X5
g5,5 [X1,X2] = X3, [X1,X3] = X4, Span(X2,X3,X4,X5)
[X1,X4] = X5
g5,6 [X1,X2] = X3, [X1,X3] = X4, Span(X3,X4,X5)
[X1,X4] = X5, [X2,X3] = X5
g6,1 [X1,X2] = X5, [X1,X4] = X6, Span(X3,X4,X5,X6)
[X2,X3] = X6
g6,2 [X1,X2] = X5, [X1,X5] = X6, Span(X2,X4,X5,X6)
[X3,X4] = X6
g6,4 [X1,X2] = X4, [X1,X3] = X6, Span(X3,X4,X5,X6)
[X2,X4] = X5
g6,5 [X1,X2] = X4, [X1,X4] = X5, Span(X3,X4,X5,X6)
[X2,X3] = X6, [X2,X4] = X6
g6,6 [X1,X2] = X4, [X2,X3] = X6, Span(X1,X3,X4,X5,X6)
[X2,X4] = X5
g6,7 [X1,X2] = X4, [X1,X3] = X5, Span(X3,X4,X5,X6)
[X1,X4] = X6, [X2,X3] = −X6
g6,8 [X1,X2] = X4, [X1,X4] = X5, Span(X3,X4,X5,X6)
[X2,X3] = X5, [X2,X4] = X6
g6,9 [X1,X2] = X4, [X1,X3] = X5, Span(X1,X4,X5,X6)
[X2,X5] = X6, [X3,X4] = X6
g6,10 [X1,X2] = X4, [X1,X3] = X5, Span(X2,X4,X5,X6)
[X1,X4] = X6, [X3,X5] = X6
g6,11 [X1,X2] = X4, [X1,X4] = X5, Span(X3,X4,X5,X6)
[X1,X5] = X6, [X2,X3] = X6
g6,12 [X1,X2] = X4, [X1,X4] = X5, Span(X3,X4,X5,X6)
[X1,X5] = X6, [X2,X3] = X6,
[X2,X4] = X6
g6,13 [X1,X2] = X4, [X1,X4] = X5, Span(X2,X4,X5,X6)
[X1,X5] = X6, [X2,X3] = X5,
[X3,X4] = −X6
g6,14 [X1,X2] = X3, [X1,X3] = X4, Span(X3,X4,X5,X6)
[X1,X4] = X5, [X2,X3] = X6
g6,15 [X1,X2] = X3, [X1,X3] = X4, Span(X3,X4,X5,X6)
[X1,X5] = X6, [X2,X3] = X5,
[X2,X4] = X6
g6,16 [X1,X2] = X3, [X1,X3] = X4, Span(X2,X3,X4,X5,X6)
[X1,X4] = X5, [X1,X5] = X6
g6,17 [X1,X2] = X3, [X1,X3] = X4, Span(X3,X4,X5,X6)
[X1,X4] = X5, [X1,X5] = X6,
[X2,X3] = X6
g6,19 [X1,X2] = X3, [X1,X3] = X4, Span(X3,X4,X5,X6)
[X1,X4] = X5, [X1,X5] = X6,
[X2,X3] = X5, [X2,X4] = X6
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Algebra Commutation relations Ideal a
g6,5a [X1,X2] = X3, [X1,X3] = X5, Span(X3,X4,X5,X6)
[X1,X4] = X6, [X2,X3] = −X6,
[X2,X4] = X5
g6,6a [X1,X3] = X5, [X2,X4] = X5, Span(X3,X4,X5,X6)
[X1,X4] = X6, [X2,X3] = −X6
g6,9a [X1,X2] = X4, [X1,X3] = X5, Span(X1,X4,X5,X6)
[X2,X4] = X6, [X3,X5] = X6
g6,15a [X1,X2] = X3, [X1,X3] = X4, Span(X3,X4,X5,X6)
[X1,X4] = −X6, [X2,X3] = X5,
[X2,X5] = −X6
Remark 4.1. Among these algebras, some have natural generating invariant polynomial func-
tions with degree larger than 2. For instance, for g5,5, if we denote  = (x1, . . . , x5) a generic
element in g∗ with coordinates xj = 〈,Xj 〉 (x5 = 0), then these natural polynomial functions
are
x5, x5x3 − x
2
4
2
, and x2x25 +
1
3
x34 − x3x4x5.
Thus, if we use the method of [5] for g5,5, wanting to separate the generic coadjoint orbits, we
have to at least extend the moment map to central elements in A(g5,5), with degree at most 3.
Similarly, the example given in [14] where the usual moment map does not separate the coad-
joint orbits is g6,13, for which such an invariant function is:
x2x
2
6 +
1
3
x35 − x4x5x6,
with degree three.
Since these algebras are special, we are now able to separate their generic orbits (or group
representations), using only quadratic functions.
4.2. Quadratic invariants
We know that the algebra J (g) of all rational invariant functions on g∗ under the action of G is
a finitely generated fraction ring J (g) = R(μ1,μ2, . . . ,μr), where μj are invariant polynomial
functions on g∗ (see [13]).
Lemma 4.1. If g is a Lie algebra such that we can choose all μj with degree at most 2, then G
has a quadratic overgroup.
Proof. Put G+ = G× Rr and
ϕ :g∗ → (g+)∗,
 → (,μ1(),μ2(), . . . ,μr()).
The generic representations of G are in bijection with the generic orbits O of g∗, which are
characterized by the value of μj on O (cf. [13]). The Lie group G+ is nilpotent, connected and
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Algebra Commutation relations Invariants
g5,4 [X1,X2] = X3, [X1,X3] = X4, x5, x4,
[X2,X3] = X5 μ1 = x1x5 − x4x2 + 12x23
g6,3 [X1,X2] = X4, [X1,X3] = X5, x6, x5, x4,
[X2,X3] = X6 μ1 = x6x1 − x5x2 + x4x3
g6,18 [X1,X2] = X3, [X1,X3] = X4, x6,
[X1,X4] = X5, [X2,X5] = X6, μ1 = x6x1 + x3x5 − x
2
4
2[X3,X4] = −X6
simply connected. Let π be the representation of G associated to the generic coadjoint orbit G.
of g∗, put:
Φ(π) = π × ei(μ1(),μ2(),...,μr ()).
By construction:
IΦ(π) = Iπ ×
{
μ1(),μ2(), . . . ,μr()
}
.
Then, this set characterizes G. and therefore π . Finally, G+ is a quadratic overgroup for G. 
Among the non-special Lie algebras, the Lie algebras g such that J (g) is generated by
polynomial functions μj with degree at most 2 are shown in Table 3, where we denote
 = (x1, x2, . . . , x6) a point in g∗.
4.3. The g6,20 algebra
There is only one indecomposable nilpotent Lie algebra, whose dimension is less or equal to
6, which is non-special and whose one invariant is cubic.
This algebra is g6,20. It is defined by the commutation relations:
[X1,X2] = X3, [X1,X3] = X4, [X1,X4] = X5,
[X2,X3] = X5, [X2,X5] = X6, [X3,X4] = −X6.
Let  = (x1, x2, . . . , x6) be in g∗6,20, if x6 = 0, the coadjoint orbit G. of  contains an unique
point 0 = (λ1,0,0,0,0, λ6), λ6 = 0. Therefore J (g) is the ring R(λ1, λ6). Computing explicitly
the rational functions  → λ1 and  → λ6, we prove that J (g) = R(μ1, λ6), with λ6 = x6 and a
cubic polynomial invariant μ1:
μ1 = λ1λ26 = x1x26 + x3x5x6 −
1
3
x35 −
1
2
x24x6.
A direct computation, similar to the example given in [3] shows that the two generic orbits
O = G.(0,0,1,0,0,1) and O′ = G.(0,0,1,0,√3,1) have the same convex hull. However:
Lemma 4.2. The Lie group G = exp (g6,20) has a quadratic overgroup and a Φ mapping sepa-
rating its generic representations.
Proof. Since a = Span(X4,X5,X6) is an abelian ideal in g6,20, we can build the nilpotent Lie
group:
G+ = G  S2(a) = G  m
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ϕ() = (,f 2), if f = |a
is quadratic. The relation p ◦ ϕ = idg∗ holds and ϕ(G.) = G+.ϕ() for each  in g∗gen = {,
x6 = 0}.
Put then Φ(π) = π+, where π+ is the representation in Ĝ+ associated to the orbit ϕ(G.).
π+ is irreducible, in fact it is an extension of π , realized on the same vector space.
Denote:
ϕ() = ((x1, x2, x3), (f,f 2))= ((x1, x2, x3), ϕ˜(f )), ∀ ∈ g∗
and q : (g+)∗ → a∗ ⊕ m∗ the projection given by the restriction mapping.
Let now 0 = (λ1,0,0,0,0, λ6) in g∗gen. We have then:
G+.ϕ(0) ⊂ Conv G+.ϕ(0)∩ q−1
(
ϕ˜
(
a∗
))
.
Conversely, let + be an element in ConvG+.ϕ(0) ∩ q−1(ϕ˜(a∗)). For all ε > 0, there exists +1
in ConvG+.ϕ(0) ∩ q−1(ϕ˜(a∗)) such that ‖+ − +1 ‖ < ε. There exists positive real numbers
tj > 0 such that
∑
tj = 1 and elements gj in G such that:
+1 =
(
(x1, x2, x3),
(
f,f 2
))=∑
j
tj
(
gj 0, (gjf0)
2)
=
∑
j
tj
(
x1j , x2j , x3j ,
(
f,f 2
))
.
Thanks to the strict convexity of the map u → u2, if
gjp
(
+1
)= (x1j , x2j , x3j , x4j , x5j , x6j ),
then we have x6j = x6 and(∑
j
tj x5j
)2
=
∑
j
tj x
2
5j = x25 .
Thus, x5j = x5 for all j . The same argument gives x4j = x4 for all j .
We can now compute μ1 ◦ p(+1 ):
μ1
(
p
(
+1
))= x26(∑
j
tj x1j
)
+ x5x6
(∑
j
tj x3j
)
−
(
1
3
x35 +
1
2
x24x6
)
=
∑
j
tjμ1(gj 0) =
∑
j
tjμ1(0) = μ1(0).
This proves that +1 = ϕ(p(+1 )) belongs to G+.ϕ(0). But this set is:
G+.ϕ(0) =
{
+ = ((x1, x2, x3), (f,f 2)), μ1(p(+))= μ1(0) and x6 = λ6}.
This set is closed, thus + is a point in G+.ϕ(0) and the converse inclusion holds.
Let now π and π ′ be two generic representations such that π+ and π ′+ have the same moment
set, Iπ+ = Iπ ′+ . Suppose π is associated to the orbit G.0 and π ′ is associated to the orbit G.′0.
Then:
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(
ϕ(G.0)
)= p(ConvG+(ϕ(0))∩ q−1(ϕ˜(a∗)))
= p(Iπ+ ∩ q−1(ϕ˜(a∗)))
= p(Iπ ′+ ∩ q−1(ϕ˜(a∗)))
= p(ConvG+(ϕ(′0))∩ q−1(ϕ˜(a∗)))= G.′0.
Thus π ∼= π ′ and Φ separates the generic representations of G. 
4.4. The nilpotent Lie algebras with dimension at most 6
Let now g be a decomposable, real, nilpotent Lie algebra, with dimension at most 6. That
means g is a direct product g = g1 × g2 × · · · × gk of indecomposable Lie algebras. Then
Lemma 4.3. If g is a decomposable, real, nilpotent Lie algebra, with dimension at most 6, then
G = expg has a quadratic overgroup and a separating mapping Φ .
Proof. Let us give the proof for k = 2, the general case is completely similar.
We identify g∗ with g∗1 × g∗2, put g∗gen = g∗1gen × g∗2gen and
G = exp(g) = G1 ×G2 = exp(g1)× exp(g2).
Denote G+1 (resp. G+2 ) a quadratic overgroup for G1 (resp. G2).
For all  = (1, 2) in g∗gen, we have:
G. = G1.1 ×G2.2 and Ĝ = Ĝ1 × Ĝ2.
Keeping our preceding notations, we put:
G+ = G+1 ×G+2 , ϕ = ϕ1 × ϕ2 and Φ = Φ1 ×Φ2.
We immediately get a quadratic overgroup G+ for G, with a separating mapping Φ . 
Finally, this shows:
Theorem 4.1. Let G be a nilpotent connected and simply connected Lie group, with dimension
less or equal to 6, then G has a quadratic overgroup and a separating mapping Φ .
5. The small dimensional solvable Lie groups
5.1. The exponential Lie groups
The real solvable Lie algebras, with dimension at most 4 were classified by J. Dozias (cf. [8]
and [7, chapitre 8]). Such a Lie algebra g is exponential if its roots take the form ρ(1 + iα),
where ρ is in g∗, and α is a real number. The exponential, non-nilpotent, indecomposable Lie
algebras, with dimension at most 4 are in fact all special, except only one called g4,9(0). We here
give their list with the corresponding abelian ideal a (see Table 4).
The Lie algebra g4,9(0) is not a special Lie algebra but its generic coadjoint orbits (x4 = 0)
contain an unique point (λ1,0,0, λ4). Thus they are charaterized by the value of the invariant
polynomial functions:
λ4 = x4, μ1 = x4λ1 = x4x1 − x2x3.
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Algebra Commutation relations Ideal a
g2 [X1,X2] = X2 Span(X2)
g3,2(α), |α| 1 [X1,X2] = X2, [X1,X3] = αX3 Span(X2,X3)
g3,3 [X1,X2] = X2 +X3, Span(X2,X3)
[X1,X3] = X3
g3,4(α), α > 0 [X1,X2] = αX2 − X3, Span(X2,X3)
[X1,X3] = X2 + αX3
g4,1 [X1,X3] = X3, [X1,X4] = X4, Span(X3,X4)
[X2,X3] = X4
g4,4 [X1,X2] = X3, [X1,X4] = X4 Span(X2,X3,X4)
g4,5(α,β), −1 < α  β < 0 or [X1,X2] = X2, [X1,X3] = αX3, Span(X2,X3,X4)
0 < α  β  1 or [X1,X4] = βX4
(0 < β  1 and −1 α < 0)
g4,6(α), α = 0 [X1,X2] = αX2, [X1,X3] = X3 + X4, Span(X2,X3,X4)
[X1,X4] = X4
g4,7 [X1,X2] = X2 +X3, Span(X2,X3,X4)
[X1,X3] = X3 +X4, [X1,X4] = X4
g4,8(α,β), α > 0, β = 0 [X1,X2] = αX2, [X1,X3] = βX3 −X4, Span(X2,X3,X4)
[X1,X4] = X3 + βX4
g4,9(α), α = 1,0 < α  2 [X2,X3] = X4, [X1,X2] = (α − 1)X2, Span(X3,X4)
[X1,X3] = X3, [X1,X4] = αX4
g4,10 [X2,X3] = X4, [X1,X2] = X2 +X3, Span(X3,X4)
[X1,X3] = X3, [X1,X4] = 2X4
g4,11(α), α > 0 [X2,X3] = X4, [X1,X2] = αX2 − X3, Span(X3,X4)
[X1,X3] = X2 + αX3, [X1,X4] = 2αX4
The degree of these functions is less or equal to 2, thus there is a quadratic overgroup and a
separating mapping Φ for the Lie group exp(g4,9(0)).
If g is an exponential and decomposable Lie algebra, with dimension less or equal to 4, we
prove, using the same argument as in the nilpotent case, the proposition:
Proposition 5.1. Each exponential Lie group G, with dimension less or equal to 4 has a quadratic
overgroup and a separating mapping Φ .
5.2. The solvable, non-exponential case
If G is a connected, simply connected, solvable, with dimension at most 4, but non-
exponential Lie group, then G is type I (its coadjoint orbits are open in their closure). The unitary
irreducible representations π of G are described by the Auslander–Kostant theory (cf. [4]). They
are associated to a coadjoint orbit G.. Moreover, following [2], we have Iπ = ConvG..
However, generally, many inequivalent irreducible representations are associated to the same
orbit. The natural geometrical object to describe the family of these representations is a fiber
bundle over the orbit. In our case (dim(G) 4), for any generic orbit, we can realize each fiber
bundle as a subset of g∗gen × R, in such a manner that the disjoint union of all these fiber bundles
becomes a subbundle M of g∗ × R → g∗ .gen gen
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Algebra Commutation relations Ideal a
g3,4(0) [X1,X2] = −X3, [X1,X3] = X2 Span(X2,X3)
g4,2 [X1,X3] = X3, [X1,X4] = X4, Span(X3,X4)
[X2,X3] = −X4, [X2,X4] = X3
g4,8(α,0), α > 0 [X1,X2] = αX2, [X1,X3] = −X4, Span(X2,X3,X4)
[X1,X4] = X3
Table 6
Algebra Commutation relations Invariants
g4,11(0) [X2,X3] = X4, [X1,X2] = −X3, x4,
[X1,X3] = X2 μ1 = 2x1x4 − x23 − x22
In this section, we shall build a solvable overgroup G++ for G, a polynomial mapping
ϕ++ :M → (g++)∗, with degree 2 and a mapping Φ : Gˆ → Ĝ++ such that if p(++) is the
restriction of ++ ∈ (g++)∗ to g:
p ◦ ϕ++ = idg∗ and G++ϕ++(, ε) = ϕ++
(
G.(, ε)
)
, ∀(, ) ∈ M.
If m = (, ε) ∈ M characterizes the representation π ∈ Gˆ then Φ(π) is a canonical extension of
π to G++. If π and π ′ in Ĝgen satisfy IΦ(π) = IΦ(π ′), then π = π ′.
Generalizing our definitions, we thus say that G has a quadratic overgroup and a separating
mapping Φ .
In fact, there are four solvable, non-exponential Lie algebras, with dimension less or equal
to 4. Three of them are special (see Table 5).
The last one, g4,11(0) has a quadratic invariant (see Table 6).
For each of these Lie algebras, we have, with exactly the same argument as above, an over-
algebra g+ and a quadratic mapping ϕ+ :g∗ → (g+)∗, such that p ◦ ϕ+ = idg∗ and ϕ+(G.) =
G+.ϕ().
For instance, for g = g4,8(α,0), we consider g+ = g  S2(a) and ϕ() = (, (|a)2). Now, as
above, Conv(G+.ϕ()) = Conv(G+.ϕ(′)) implies G. = G.′, ( and ′ being in g∗gen). But we
still do not separate the representations associated to the orbit G..
First, we determine the stabilizer of a point 0 in each generic coadjoint orbits.
For example, the generic coadjoint orbits for the Lie algebra g4,8(α,0) are orbits of the points:
0 = (0,±1, r cos θ, r sin θ), r > 0 and θ ∈ R/2πZ.
The stabilizer G4,8(0) in the point 0 is connected:
G4,8(0) = exp
{
± 1
α
Im
(
reiθ (x3 + ix4)
)
X2 + x3X3 + x4X4
}
∼ R2.
With similar computations, we obtain Table 7.
For the connected and simply connected Lie groups with Lie algebras g4,8(α,0) and g4,11(0),
the generic orbits are simply connected. We associated to each orbit only one irreducible unitary
representation. Thus, it is not necessary to consider the fiber bundle M and the mapping Φ ,
defined as in the exponential case, separates the generic irreducible unitary representations. Each
of these Lie groups has a quadratic overgroup and a separating mapping Φ .
154 D. Arnal et al. / Bull. Sci. math. 135 (2011) 141–165Table 7
Algebra Base point 0 for generic orbit G(0)
g3,4(0) 0 = (0, r,0), r > 0 expRX2 × exp 2πZX1
g4,2 0 = (0,0,1,0) exp 2πZX2
g4,11(0) 0 = (λ1,0,0, λ4) expRX4 × expRX1
On the other hand, for the connected and simply connected Lie groups with Lie algebras
g3,4(0) and g4,2, the generic coadjoint orbits are not simply connected, to one of these orbits, we
associate many representations.
More precisely, for g = g3,4(0), the subalgebra h = RX2 + RX3 is a polarization at the point
0 = (0, r,0), the character ei0 , defined on exph, has many extensions to G(0). exph. Denote
them:
χ0,ε
(
e2πkX1ex2X2+x3X3
)= e2iπkε+x2r , ε ∈ [0,1[.
For each ε, the irreducible representation πε = IndGG(0). exph χ0,ε is associated to the coadjoint
orbit G.0. As in [2], its moment set is:
Iπε = ConvG.0
it is independent of ε.
Therefore, we introduce the set
M = g∗gen × R =
{
(, ε),  ∈ g∗gen, ε ∈ R
}
and consider this set as a subset in (g × R)∗. Now, since the generic orbits are characterized by
the quadratic invariant  → r2, we put:
g+ = g × R, g++ = g+ × R.
Define the functions:
ϕ+ :g∗ → (g+)∗,
 → (, r2)
(r2 = x22 + x23 ) and
ϕ++ :M → (g++)∗,
(, ε) → (, r2, ε)
then
ϕ++
(
G.(0, ε)
)= G++.ϕ++(0, ε), ∀(0, ε) ∈ (g∗)gen × R.
We define also
Φ++(πε) = πε × eir2 × eiε
thus, we immediately get
IΦ++(πε) = Iπε ×
{(
r2, ε
)}
.
This moment set clearly characterizes the representation πε .
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orbit G.0 = g∗gen. As above, we associate to this orbit a family of representations πε of the form
IndGG(0). exph χε , where
h = Span(X3,X4) and χε
(
e2πkX2
)= ei2πεk.
We thus put
M = g∗gen × R = (g × R)∗gen, g++ = g × R
and
ϕ++
(
g.(0, ε)
)= (g.0, ε), Φ++(πε) = π × eiε.
Thus, Iπε = g∗ × {ε} characterizes clearly πε .
If G is solvable, with dimension less or equal to 4, and decomposable, with the same argument
as in the case of nilpotent Lie groups, we construct the overgroup G++, the quadratic mapping
ϕ++ and the application Φ++. Finally:
Proposition 5.2. Let G be a solvable, connected and simply connected Lie group, with dimension
less or equal to 4. Then G has a quadratic overgroup and a separating mapping Φ .
5.3. The Mautner group
If G is a solvable Lie group with dimension 5, G can be not type I . The simplest
example is the Mautner group G, connected and simply connected, with Lie algebra g =
Span(X1,X2,X3,X4,X5) satisfying the commutation relations:
[X1,X2] = −X3, [X1,X4] = −αX4, [X1,X3] = X2, [X1,X5] = αX5,
where α is a real, not rational number.
This Lie algebra g is special, with the abelian ideal a = Span(X2,X3,X4). A generic orbit is
a cylinder, with basis the image of a line with slope α, on a two-dimensional torus T2:
G.0 = G.(0, r,0,R cos θ,R sin θ)
= {(p, r cosq, r sinq,R cos(αq + θ),R sin(αq + θ))}.
To this orbit, we can associate the representations π0 = IndGexpa ei0 . The moment set for π0 is:
Iπ0
= ConvG.0
= { = (x1, x2, x3, x4, x5), x22 + x23  r2, x24 + x25 R2}
= R × Conv(T2).
It does not depend on θ : Iπ0 = Iπ′0 if 0 and 
′
0 are two points on the same torus, defined by r
and R.
Let us suppose now there is an overalgebra g+, a polynomial mapping, with degree at most 2,
ϕ :g∗gen → (g+)∗ such that p ◦ϕ = idg∗gen , and ϕ(G.0) = G+.ϕ(0). Then this mapping ϕ cannot
separate two orbits G.0 and G.′0, if 0 and ′0 are on the same torus T2.
Indeed, define ϕx1 as the mapping
ϕx (x2, x3, x4, x5) = ϕ(x1, x2, x3, x4, x5).1
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ϕx1(T
2). For each 0 in T2, and all real number x1, G.0 ∩ ({x1} × R4) is a dense subset of
{x1} × T2. Moreover the orbit is a cylinder. Then ϕ(G.0) =⋃x1∈R Kx1 .
If 0 and ′0 are two points in the torus, the image by ϕ of their coadjoint orbits have same
closure:
ϕ(G.0) = ϕ
(
G.′0
)
.
Then we cannot separate the coadjoint orbits by the closed convex hull of their image through ϕ.
The Mautner group does not have any quadratic overgroup.
6. The Lie group G= SL(2,R)
The first example for a non-solvable and non-compact Lie group is the Lie group SL(2,R) or
its universal covering group S˜L(2,R). The Lie algebra sl(2,R) has a basis:
X1 = 12
(
1 0
0 −1
)
, X2 = 12
(
0 1
1 0
)
, X3 = 12
(
0 1
−1 0
)
with commutation relations:
[X1,X2] = X3, [X2,X3] = −X1, [X1,X3] = X2.
6.1. Coadjoint orbits and associated representations
Here, we look only for generic representations, called, since [6], representations in the princi-
pal series or in the discrete series.
6.1.1. Principal series
Denote πμ,ε , μ > 0, ε = 0,1, the representation in the principal series, with associated coad-
joint orbit:
Oμ =
{
 = (x1, x2, x3), x21 + x22 − x23 = μ2
}
.
The orbit Oμ is a hyperboloid (with one sheet). The representation is realized on the space
L2([0,4π[), with orthogonal basis
ϕn(θ) = einθ/2, n even (if ε = 0), n odd (if ε = 1).
The sl(2,R) action is:
dπμ,ε(X3)ϕn = in2 ϕn,
dπμ,ε(X2)ϕn = 14i
(
(1 + iμ + n)ϕn+2 − (1 + iμ − n)ϕn−2
)
,
dπμ,ε(X1)ϕn = 14
(
(1 + iμ + n)ϕn+2 + (1 + iμ − n)ϕn−2
)
.
For all μ and all ε, the moment set for πμ,ε is:
Iπμ,ε = g∗ = Conv(Oμ).
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Denote πm, m ∈ 12N, m > 12 , the representation in the discrete series with associated coadjoint
orbit:
Om =
{
 = (x1, x2, x3), x21 + x22 − x23 = −m2 and x3 < 0
}
.
For all m > 0, Om is a sheet of a two sheets hyperboloid. And there is a representation associated
to Om only if this orbit is integral, this means only if 2m is a natural number, m > 12 . In this
case, there is only one such representation, denoted πm and realized on the space L2hol(D,μm) of
holomorphic functions on the unit disc
D = {w = u+ iv, |w|2 < 1}
which are square integrable for the measure μm = 44m (1 − |w|2)2m−2 dudv on D. An orthogonal
basis for this space is
ϕn(w) = wn, n ∈ N, w ∈ D and ‖ϕn‖2 = π4m−1
(2m− 2)!n!
(2m+ n− 1)! .
The sl(2,R) action is:
dπm(X3)w
n = −i(n + m)wn,
dπm(X2)w
n = (−1)
m
2
i
(
(n + 2m)wn+1 + nwn−1),
dπm(X1)w
n = (−1)
m
2
(
(n+ 2m)wn+1 − nwn−1).
The moment set allows to refind the parameter m, indeed, this moment set is:
Iπm = Conv(Om) =
{
 = (x1, x2, x3), x21 + x22 − x23 −m2 and x3 < 0
}
.
Thus
m2 = sup{x21 + x22 − x23 ,  = (x1, x2, x3) ∈ Iπm} and sign(m) = − sign(x3).
We remark that the moment set for the representation πm is the convex hull of an unique coadjoint
orbit: the orbit Om. Many authors prefer to define here the orbit correspondence in another way,
to be consistent with character formulas.
6.1.3. Antiholomorphic discrete series
We get the representations in this series, just by replacing in the representations of the holo-
morphic discrete series m by −m and w by w¯. The moment set for the representation π−m is:
Iπ−m = Conv(O−m) =
{
 = (x2, x2, x3), x21 + x22 − x23 −m2 and x3 > 0
}
.
Here too, we refind m:
m2 = sup{x21 + x22 − x23 ,  = (x1, x2, x3) ∈ Iπm} and sign(m) = − sign(x3).
The other irreducible representations of G are the trivial representation, the limit of discrete
and principal series representations, and the representations in the complementary series. We do
not consider these representations here.
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Let us put
g+ = sl(2,R)⊕ R and G+ = SL(2,R)× R.
The subgroup R is central in G+, then each unitary irreducible representation π+ of G+ is scalar
on this subgroup. Thus the restriction to SL(2,R): π+|SL(2,R) is irreducible.
Conversely, each irreducible representation π of SL(2,R) can be extended to many represen-
tations π+α = π × eiα of G+. In this case, we have Iπ+α = Iπ × {α}.
We define a quadratic polynomial mapping:
ϕ :g∗ → (g+)∗,
(x1, x2, x3) →
(
(x1, x2, x3), x
2
1 + x22 − x23
)= (,μ2()).
Let p : (g+)∗ → g∗ the canonical projection, then p ◦ ϕ = idg∗ and since the function μ2 is an
invariant function, then:
ϕ(G.) = G+ϕ() and Φ(πμ,ε) = πμ,ε × eiμ2, Φ(π±m) = π±m × eim2 .
Denote:
Ĝgen = {πμ,ε} ∪ {π±m}.
Proposition 6.1. Let π and π ′ two elements in Ĝgen such that:
IΦ(π) = IΦ(π ′)
then:
(1) The coadjoint orbits associated to π and π ′ coincide.
(2) Either π and π ′ are both in the principal series and
π = πμ,ε, π ′ = π ′μ,ε′
(
ε = ε′ or ε = ε′).
(3) Or π and π ′ are both in the discrete series and π ∼= π ′.
Remark 6.1. As in the non-exponential, solvable case, we can associate to each representation
an orbit, but to some orbits, we associate no representation, to some other, we associate two
representations. Now we are able to separate the orbits, but not the representations. We shall
separate these representations in the next section, as above, using a very similar method.
6.3. Definition of G++ and separation of representations
Let us now generalize the notion of moment set for generic representation of G. Since there
are two representations in the principal series, associated to the orbit Oμ, we put g∗gen = { ∈
g, μ2() = 0}, then define the new set
M =
{
(, ε),  ∈ g∗gen, ε =
{
1 if μ2 < 0,
2
}
.±1 if μ > 0
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G are characterized by an integral orbit in M . Looking for a generalization for the moment set,
we define:
Jπμ,ε =
{
(, ε),  ∈ Iπμ,ε
}= Iπμ,ε × {ε},
and
Jπm =
{
(,1),  ∈ Iπm
}= Iπm × {1}.
Let us now define
G++ = SL(2,R)× R × Z/2Z.
Its Lie algebra is:
g++ = g+ = sl(2,R)× R.
As above, we can put
ϕ :g∗ → (g+)∗,
 → (,μ2).
But, we can also define the set
M++ = {(, t, ε),  ∈ (g+)∗gen, ε = ±1}.
As for G, a generic representation of G++ is characterized by a G++-orbit in M++, the action
of G++ being defined by
(g,u, v).(, t, ε) = (g., t, ε).
We extend the mapping ϕ to ϕ++ :M → M++ by putting
ϕ++(, ε) = (,μ2(), ε).
Then if p++ :M++ → M is the restriction map p++(, t, ε) = (, ε), we still have
p++ ◦ ϕ++ = IdM, and ϕ++
(
G.(, ε)
)= G++.ϕ++(, ε).
We finally define representations of G++ by putting:
Φ++(πμ,ε) = π++μ,ε , where π++μ,ε (g, t, s) = sεeitμ
2
πμ,ε,
and
Φ++(πm) = π++m , where π++m (g, t, s) = eitm
2
πm(g).
With these notations, we get immediately:
Proposition 6.2. The following holds:
(1) ϕ++ is a quadratic mapping and
p++ ◦ ϕ++ = IdM, ϕ++
(
G.(, ε)
)= G++.ϕ++(, ε).
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IΦ++(πμ,ε) = IΦ+(πμ,ε) = Iπμ,ε ×
{
μ2
}
and
IΦ++(πm) = IΦ+(πm) = Iπm ×
{
m2
}
.
(3) The generalized moment sets are
JΦ++(πμ,ε) = Jπμ,ε ×
{
μ2
}= IΦ+(πμ,ε) × {(μ2, ε)}
and
JΦ++(πm) = Jπm ×
{
m2
}= IΦ+(πm) × {(m2,1)}.
(4) If π and π ′ belong to Ĝgen then
JΦ++(π) = JΦ++(π ′) if and only if π ∼= π ′.
With our generalization, we thus can say that SL(2,R) has a (non-connected) quadratic over-
group G++ and a separating mapping Φ++.
However, in the present construction, the Lie algebra g++ coincides with the Lie algebra g+.
Our definition for the quadratic overgroup G++ and the mapping Φ++ uses the new variable ε.
But the value of this variable is not determined through an usual moment mapping. Therefore, our
construction is not exactly of the same nature as the construction in the preceding sections, for
solvable Lie groups. Moreover, this construction cannot be extended to the case of the universal
covering group S˜L(2,R) of SL(2,R).
For all these reasons, we now consider another (connected) quadratic overgroup for SL(2,R).
We now define:
G++ = SL(2,R)× R2 and ϕ++(, ε) = (,μ2(), ε).
And
Φ++(πμ,ε) = πμ,ε × eiμ2 × eiε, Φ++(πm) = πm × eim2 .
Then
IΦ++(πμ,ε) = ϕ++
(
Iπμ,ε × {ε}
)= Iπμ,ε × {(μ2, ε)} and IΦ++(πm) = Iπm × {(m2,0)}.
Thus, G++ and Φ++ define a quadratic overgroup for SL(2,R), and a separating mapping.
Proposition 6.3. The following holds:
IΦ++(πμ,ε) = IΦ++(πμ′,ε′ ) if and only if πμ,ε = πμ′,ε′ .
6.4. The universal covering group of SL(2,R)
Denote S˜L(2,R) the universal covering group of SL(2,R). The representations π˜μ,ε (ε ∈
[0,2[) in the principal series of S˜L(2,R) are still realized in L2([0,4π[), however we do not
consider a basis (ϕn) such that:
ϕn(2π) = ±ϕn(0) = eiπεϕn(0), ε = 0,1,
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ϕn(2π) = eiπεϕn(0), ε ∈ [0,2[.
For example:
ϕn(θ) = eiθ(n+ ε2 ), n ∈ N.
The sl(2,R) action is then:
dπ˜μ,ε(X3)ϕn = i
(
n+ ε
2
)
ϕn,
dπ˜μ,ε(X2)ϕn = 14i
((
1 + iμ + n+ ε
2
)
ϕn+2 −
(
1 + iμ − n− ε
2
)
ϕn−2
)
,
dπ˜μ,ε(X1)ϕn = 14
((
1 + iμ + n+ ε
2
)
ϕn+2 +
(
1 + iμ − n− ε
2
)
ϕn−2
)
.
Its moment set is:
Iπ˜μ,ε = Conv(Oμ) = g∗.
Similarly, the representations π˜m in the holomorphic discrete series and representations π˜−m in
the antiholomorphic discrete series are realized in the space L2(D,μm) of holomorphic functions
on the unit disc D, with the measure μm = 44m (1 − |w|2)2m−2, but now for all m > 12 .
As for the representations in the discrete series of SL(2,R), the moment set is here:
Iπ˜±m = Conv(O±m) =
{
 = (x1, x2, x3), x21 + x22 − x23 −m2, ±x3 < 0
}
.
(Now there is no integrality conditions on m.)
Let us put:
G˜++ = S˜L(2,R)× R2.
We define:
ϕ˜++ = ϕ++, Φ˜++(π˜μ,ε) = π˜μ,ε × eiμ2 × eiε
(
ε ∈ [0,2[)
and
Φ˜++(π˜m) = π˜m × eim2
(
m /∈
[
−1
2
,
1
2
])
.
Thus, the following holds:
Proposition 6.4. The Lie group G˜++ is a, connected and simply connected, quadratic overgroup
for the universal covering S˜L(2,R) of SL(2,R), and Φ˜++ is a separating mapping.
Remark 6.2. The coadjoint orbits of the Lie group SU(2) are spheres, their convex hull are
the corresponding balls. We immediately conclude that the moment set of an unitary irreducible
representation of SU(2) characterizes the associated representation (cf. [10,14,2]).
Moreover, we know that a Lie algebra g with dimension less or equal to 4, is either solvable
or the direct product of a semi simple Lie algebra with a solvable ideal. In the second case, the
only possibilities are:
sl(2,R), su(2), sl(2,R)× R or su(2)× R.
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Corollary 6.1. Let G be a connected, simply connected, Lie group with dimension less or equal
to 4. Then, G has a quadratic overgroup and a separating mapping Φ .
7. The Lie group G= SO(4) R4
In this section, we study the case of the semi direct product of a compact group with an
abelian normal subgroup, such that the invariants determining the generic orbits are not quadratic.
However, we shall show there is a quadratic overgroup for this group.
Put
G = SO(4)  R4.
SO(4) acts on R4 through the usual action. The Lie algebra g is of dimension 10 and it is defined
as:
g = Span(Ti, 1 i  4, Rij , 1 i < j  4),
where (Ti) is the canonical basis of R4, and Rij is the matrix Eij −Eji in so(4).
The elements of g verify:
[Rij ,Rkl] = δjkRil + δilRjk − δjlRik − δikRjl
(here we use the convention Rji = −Rij ), and
[Rij , Tk] = δjkTi − δikTj , [Ti, Tj ] = 0.
The abelian ideal of g is a = Span(Ti). For all  ∈ g∗, denote  = (t, r) = (ti , rjk). The coadjoint
action is defined by the vector fields:
R−ij =
1
2
∑
k =l
(δjkril + δilrjk − δjlrik − δikrjl) ∂
∂rkl
+ ti ∂
∂tj
− tj ∂
∂ti
(rji = −rij )
and
T −i =
∑
k<l
(δiktl − δil tk) ∂
∂rkl
.
We denote | | the Euclidean norm of R4 and u.v the scalar product of two vectors u and v. If
 = (t, r) is such that |t |2 =∑ t2i = 0, then, in the orbit of , we can find, by the action of SO(4),
a vector of the form ((0,0,0, |t |), r ′).
The action of the subgroup exp(Span(T1, T2, T3)) allows to get a point ((0,0,0, |t |), (r ′′12, r ′′13,
r ′′23,0,0,0)) in the orbit of . Moreover, the action of the subgroup SO(3) of SO(4) which keeps
stable the point (0,0,0, |t |) allows to get the point:
0 = (t0, r0) =
((
0,0,0, |t |), (R,0,0,0,0,0)), R2 = r ′′122 + r ′′132 + r ′′232.
Thus, the generic orbits are the orbits G.0, with |t | > 0 and R > 0. They are characterized by the
numbers a = |t | and b = aR, and their dimension is 8 (cf. [12]). The Lie algebra of the stabilizer
of 0 is:
g(0) = Span(R12, T4).
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Put then:
(r ∧ t)i = 12
∑
j,k,l
εijklrjktl
(εijkl = 0 only if {i, j, k, l} = {1,2,3,4}, and in this case, it is the signature of the permutation( 1 2 3 4
i j k l
)). We then define a vector in R4, orthogonal to t and such that, for example:
R−12(r ∧ t)1 = −(r ∧ t)2, T −1 (r ∧ t)1 = 0,
R−12(r ∧ t)2 = (r ∧ t)1, T −1 (r ∧ t)2 = 0,
R−12(r ∧ t)3 = 0, T −1 (r ∧ t)3 = 0,
R−12(r ∧ t)4 = 0, T −1 (r ∧ t)4 = 0.
Therefore, the polynomial function with degree 4, (t, r) → |r ∧ t |2 is invariant and its value on
the orbit of (t0, r0) is a2R2 = b2. Thus, the orbit of 0 is (if a > 0 and b > 0):
Oa,b = G.0 =
{
(t, r), such that |t |2 = a2, |r ∧ t |2 = b2}.
This orbit is associated to a representation if it is integral, that means if b
a
is a natural number.
At the point 0, a (complex) positive polarisation is defined as:
p = aC + SpanC(R12,R13 − iR23).
Therefore, we associate to G.0 the representation holomorphically induced from the character
ei0|p :
πa,b = IndGexpp ei0|p .
It is simpler to use an induction by stages and to realize πa,b as the unitary induced representation
ρb/a × ei0|p of the group SO(3)  a, where ρb/a is the unitary representation with dimension
2 b
a
+ 1 of SO(3).
Moreover, we have (cf. [2]):
Iπa,b = Conv(G.0) ⊂
{
(t, r), such that |t | a}.
The last inclusion holds because the function (t, r) → |t |2 is convex.
Conversely, the inverse inclusion holds. Indeed, let R1 and R2 two positive numbers. For all
s in ]0,1[, the points
 = ((0,0,0, a), (0,R1,0,0,0,0)),
and
′ =
(
(0,0, a,0),
(
R1,
R2 − R1
1 − s ,0,0,0,0
))
are in the same orbit, Oa,R1a , characterized by a and R1. The point
(s) = s+ (1 − s)′
= ((0,0, (1 − s)a, sa), ((1 − s)R1,R2 − (1 − s)R1,0,0,0,0))
is in the convex hull of Oa,R1a . If s tends to 1, we deduce that the point
(1) = ((0,0,0, a), (0,R2,0,0,0,0))
in the orbit Oa,R a , characterized by a and R2, belongs to Conv(Oa,R a).2 1
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set {(t, r), such that |t | = a}. By convexity, for all b:
Iπa,b = Conv(Oa,b) =
{
(t, r), such that |t | a}.
The generic representations of the group G are not separated by their moment sets.
Put now:
g+ = g × R4 = g  b and G+ = G× R4.
The action of G on the abelian ideal R4 is simply the usual action of SO(4) on R4. We denote
(Wi) the basis of the ideal b and (t, r,w) a point of g+∗. We have now, for example:
R−12 = r13
∂
∂r23
− r23 ∂
∂r13
+ r14 ∂
∂r24
− r24 ∂
∂r14
+ t1 ∂
∂t2
− t2 ∂
∂t1
+w1 ∂
∂w2
−w2 ∂
∂w1
,
T −1 = t2
∂
∂r12
+ t3 ∂
∂r13
+ t4 ∂
∂r14
,
W−1 = w2
∂
∂r12
+ w3 ∂
∂r13
+ w4 ∂
∂r14
.
We immediately deduce that the following polynomial functions are invariants under the action
of G+:
(t, r,w) → |t |2, |w|2, t.w, (r ∧ t).w.
Now, by the action of SO(4), a generic coadjoint orbit of G+ contains a point of the form
(t0, r,w0) where t0 = (0,0,0, a) (a > 0) and w0 = (0,0,w3, ca ) (w3 > 0). Then we have on this
orbit, |t | = a, t.w = c and |w| =
√
w23 + c
2
a2
= b, or w3 =
√
a2b2−c2
a
> 0. If we now act by the
ideal a+ b, then we reach a point 0 = (t0, r0,wo) such that r0 = (R,0,0,0,0,0) (for some real
number R). Thus,we put d = (r ∧ t).w = Raw3, or R = d√
a2b2−c2 .
The generic coadjoint orbits of G+ are then the orbits:
O+a,b,c,d =
{
(t, r,w), such that |t | = a, |w| = b, t.w = c, (r ∧ t).w = d},
for all a > 0, b > 0 and ab > c. They are 10-dimensional, the Lie algebra of the stabilizer of
(t0, r0,w0) is:
g+
(
(t0, r0,w0)
)= Span(R12, T4, √a2b2 − c2
a
T3 + aW4, c
a
T3 − aW3
)
.
Let us now define the polynomial function with degree 2, ϕ :g∗ → g+∗, as ϕ(t, r) =
(t, r, r ∧ t). If Oa,b is a generic coadjoint orbit of G, then Oa,b = G.(t0, r0) and G+.ϕ((t0, r0)) =
O+
a,b,0,b2 . Thus, we don’t have G
+.ϕ(0) = ϕ(G.0). However:
O+
a,b,0,b2 ∩ ϕ
(
g∗
)= G+.ϕ((t0, r0))∩ ϕ(g∗)
= {(t, r,w), |t | = a, |w| = b, w = (r ∧ t)}
= ϕ(Oa,b).
The orbit O+
a,b,0,b2 is integral if and only if
b
a
is a natural number, to this orbit, we associate
the representation:
π+ 2 = IndG+ ei
b
a × eit0|a × ei(r0∧t0)|b .a,b,0,b SO(2)ab
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a
× it0|a × i(r0 ∧ t0)|b) of the group
SO(2)  a  b, whose Lie algebra is a polarisation at (t0, r0,w0).
Denote Φ(πa,b) this representation, its moment set is:
IΦ(πa,b) = Conv
(O+
a,b,0,b2
)
.
By convexity of the functions t → |t |2 and w → |w|2, we have immediately:
IΦ(πa,b) ⊂
{
(t, r,w), |t | a, |w| b}.
Since the equality is reached on ϕ(Oa,b), then:
a = sup{|t |, (t, r,w) ∈ IΦ(πa,b)} and b = sup{|w|, (t, r,w) ∈ IΦ(πa,b)}.
The moment set IΦ(πa,b) characterizes then the representation πa,b .
Proposition 7.1. The Lie group G = SO(4)  R4 has a quadratic overgroup and a separating
mapping Φ .
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